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1 Introduction 



In string theory, the Born-Infeld action arises as (part of) the low energy effective action 
of open superstring theory p|, ||, |[, and as (the bosonic part of) the effective actions 
for Dp-branes in type HA and I IB theories Various supersymmetrizations of the BI 
action have been discussed. Global supersymmetrization of the ambient spacetime variables 



is discussed in g |T0], [TT|, [12], [T^. This gives the analogue of the Green-Schwarz string 
action and thus also includes local K-symmetry. Global world volume supersymmetrization 
is discussed in component form for p = 3 in |2^. For certain p's global superspace 



formulation of world volume supersymmetry also exist |jT^, |T5|, |T6|, ^ 

In this paper we try to combine the advantages of having a geometrical first order formu- 
lation involving an auxiliary metric with the advantage of having supersymmetry manifest. 
This requires a world-volume superspace supergravity extension of the Born-Infeld action. 
As the form of superspace supergravity is highly dimension dependent we do not expect to 
find a general prescription. Below we restrict ourselves to p = 2. This case is also of interest 
since D = 3 supergravity is non-dynamical and one might hope to retain some simplicity 
even in the presence of the supergravity action. 

We base our construction on a bosonic first order action for arbitrary Dp-branes. This 
action has a generalized type of Weyl invariance which reduces the number of degrees of 
freedom in the auxiliary second rank tensor field. It would have been nice to be able to 
extend this to a super- Weyl invariance for the locally supersymmetric theory, and indeed we 
find a super- Weyl invariant candidate action. Unfortunately it leads to unwanted bosonic 
terms, however. 

The plan of the paper is as follows: In Sec. 2 we review some background mainly con- 
cerning the spinning membrane. Sec. 3 introduces the new bosonic Born-Infeld action and 
Sec. 4 presents D = 3 superspace along with our superspace actions. In Sec. 5 we give the 
reduction of the superfields to components preparing for Sec. 6 where the component form of 
the actions are given. Sec. 7, finally, contains our conclusions. 



2 Background 



In the following general Weyl invariant action for p-branes was presented: 



p+i 
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where X^, A = O....,^ - 1 are coordinates in the D-dimensional (target) space-time, 
m = 0, coordinatize the p-brane world volume, ■jmn = dmX^dnX^G\fi is the 
world-volume metric induced from the space-time metric Gaq and g is the determinant of 
the auxiliary metric gmn- 

For p = 1 the action (|l]) agrees with the usual string action with an auxiliary metric Qmn 
[pjj Coupling it to 2D supergravity in superspace leads to the spinning string: 

1 = 1 d'^^(feE-^V°XVaX, (2) 

where all fields are superfields, E is the (super-) determinant of the supervielbein, Vq, are the 
spinorial covariant derivatives and we have suppressed the ambient space-time indices on X. 



For p = 2 the action ([l|) agrees with the standard cosmological term action ||21 



/ = J £^^ig"^-^^n-l). (3) 

After eliminating Qmn they both give the Nambu-Goto type action representing the volume 
of the world- volume. However, whereas (^ is impossible to couple to 3D-supergravity p2 |, 
this is not so for the p = 2 version of the action (|1|). In it was shown that there exist 
(at least) two different supersymmetrizations of (^ when p = 2. They read 



ii = J (fi(feE-\w''xWaX)iy^^xwp^xf'\ (4) 



and 



J2 = y (f^d^eE~^{iV''xvix){iv'^xvp^x){wxv,pX)-^'^, (5) 

where again all fields are superfields and we have introduced 3D-superspace supergravity, 
to be described in more detail below. In none of the actions (i) and (|5|) does the bosonic 



Weyl invariance extend to super- Weyl invariance. However, in p3| it was found that the 

2 

3' 



combination Ii — |/2 is in fact super-Weyl invariant. 



3 Born-Infeld actions 

The Born-Infeld action 

is a direct generalization of the Nambu-Goto type action for p-branes by inclusion of the two- 
form field J^mn- In the context of D-branes the brane tension Tp is related to the fundamental 
string tension («')~^ and the string coupling constant Qs-, and 

mn — BjYin ~l~ 2TC0i F^nni (7) 
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with F = dA the U{1) field strength for the world-volume field Am and Bmn the pull- 
back to the world-volume of the Kalb-Ramond antisymmetric tensor field. (There is also 
a multiplicative exponent of a dilaton field in the action which will play no role in our 
considerations. We set it to 1 w.l.o.g.). In analogy to the p-brane case there is a first order 
action of the cosmological term type for the action [Q. It is given by (c.f. (^), 

=T,j F^^i^S [S^^i^mn + J'mn) + {p ' 1)] , (8) 

where s"^" (^) is a general tensor (it has no symmetry) and s = det Smn ■ This form of the 
action has been used in p4| as the starting point for a discussion of the strong coupling limit 
of D-branes. The discussion was extended to include spin in that limit in [^]. However, the 
same objections to a direct local supersymmetrization that were raised in I^Sj apply to the 
action (P) for p = 2, since then (P) becomes (|^) for JF = = si'™]. We thus have to look for 
an action analogous to (1) to use as a starting point. For p = 3 this was given in ||18| and 
for general p it is 

1^' = T,J F+'^V^ [S™"(7„^„ + J'mn)]'^ . (9) 

It is easy to see that eliminating Smn the action (P) is recovered^. Furthermore we note that 
the action (|^) has a (generalized) Weyl invariance and that it reduces to the action (Q) in 
the limit = = s^"""!. 

We now specialize to p = 2. Since our goal is a locally supersymmetric superspace action 
of the (H) or (|5|) type, we must reformulate (P) in terms of vielbeins. As a first step in that 
direction we separate the symmetric and antisymmetric part in s*"" according to 



It follows that \/—s = y/—g/y/l — h'^, and the action (|^) becomes, (properly normalized for 
p = 2 and with Tp set to one). 



3/2 

(111 



3\/3 

where h"^ = g^^h^hn- Introducing vielbeins = e^dm and their inverses = e^rf^™' 
according to 

g^n = eleliia,, 61^61 = 61, e-i^det(e;:,), (12) 

where a = 0, 1, 2 are tangent space indices and rjab is the Minkowski metric, we may rewrite 
the action ([TT| ) as follows: 

d?i-l== kXe'^X + e^ele'^^Vmn] • (13) 



^We are being careless with normalisation. For exact equivalence we should specify the p-dependent 
numerical factors in front of the actions. 
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The independent fields are now X^, Am, and ha- As a check, we have verified that (0) is 
indeed equivalent to the 3-D Born-Infeld action (^. The Weyl invariance is now of the usual 
type, i.e., a rescaling of with ha inert. This form is suitable for supersymmetrization. 



4 Superspace 



We will use the 3D superspace conventions of [Q. The supergravity algebra is given by 

= -iRVa + t'^{Vf3R)Mf + iGjM^", (14) 

where M are Lorentz generators and R and 6*0/37 basic superfields that solve the 

Bianchi identities (Ga/37 is completely symmetric in all three spinor indices.). In this nota- 
tion a vector index is represented by a symmetrized pair of spinor indices. The covariant 
derivatives have the usual structure V a = Dm + ^a- M with being the supervielbein. 
Dm the fiat superspace covariant derivatives and the connection. The matter superfields 
that we will consider are X^(^, 0) whose ^-independent part is the space-time coordinate and 
Ha which is a spinor superfield whose covariant derivative H^p = |V(Q,-ff/3) has the bosonic 
vector ha as lowest component. Finally, the dual of the Maxwell field-strength^ is the lowest 
component of Fa/3 = \^{aWi3), with Wa the electromagnetic spinor potential. 

With the above ingredients we immediately write down two possible generalizations of 
(I) and (§: 

h = J d!^i(feE-\l - HY^/^V'XVaX - H''Wa)S^^\ (15) 



and 



where 



-l(l-i^2)-vV>.5-l/^ (16) 



S = {V^^XVp^X + H'^^Fap), 

ip^ = i^'^XVayX + H^^Wa), = H^^Hap. (17) 

These actions reduce to (^) and (^ when Ha = 0, and in the next section we show that 
the bosonic parts of both ([ISD and (|l^) are equivalent to the action ([13|) . Before going to 



components let us look at (possible) super- Weyl invariance |^ . Under an infinitesimal super 
Weyl transformation with parameter A the superfields transform as follows: 

6Ea = AEa, 6Eap = 2AEaf3-t{E^aA)Ep)^6E-' = -AAE-\ 

^From now on wc put the background _B-field to zero. 
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6W^ = 3AW^, 6F^p = AAF^f, + 2{E^^A)Wf,), (18) 



where we have used that [p6 



Wa = V^VaTf3 + 2RTa, (19) 

and that 

= Ar,, 6R = 2AR~2V^A, 5$,^^ = -(E(^A)C^), + A<l>„^^. (20) 

The transformation of Ha was determined from the requirement that 6ha = 0, in agreement 
with the discussion in Sec. 3. 

The difficulty in finding an invariant action is entirely due to the inhomogeneous parts 
of the transformations in (0). We find the following super- Weyl invariant combination of 
the action in (|TBp and a modification of the action in (P3[): 



h - ih, (21) 



where Ji indicates that we have made the replacement (V"XVa-^ — H°'Wa) — > (V"XVq,X) 
in the Lagrangian. As will be seen in Sec. 6, the action Iw in (PT| ) has a bosonic part that 
differs from the action in ([T3|), so it is not a supersymmetrization of that. It does however 
reduce to the super- Weyl invariant combination of (^ and (§) when Ha = 0. 



5 Components 

There is a systematic procedure for deriving the components, the component action and the 
component local supersymmetry transformations of a theory in superspace. It is described 
in for D = 4 supergravity actions. For the case at hand we use the definitions and 
results in to which we add those pertaining to the Ha and Wa fields. We define 

V«| = da, Vap\ = 'Dap + iSMap + ^„;3^V^|, 

R\ = S, (22) 

where | denotes "the 9 independent part of". Then the superspace-component relations 
involving the matter superfield become (suppressing the space-time indices) 

VapX\ = VapA + ^ap'^Xl = ^ apA, 
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V„V;3^| 



where 



-^^BaX^ 



-Sxc 



V^VapXl = V^f,r-^^f,'{^s.x'' + ^Sxs)+^i-XiaV(^)-Gc.p''X.) 

2 1 



t 



eX 



57 



7) 



t 



5 eXq. 7 
S(a 7) ^eX 



a/3 5 



Our vielbein components are defined by Vq,| and Vq/sI in ( P^ to be'^ 



liv I 



0, Eo^p^ 



E. 



af3 



liv I 



ea/3 = Cap 



The components of the prepotential are 



a/3 I 



2V(aW^/3)| = /, 
Ca/J-v + SCa(gX 



a Q/37 = t 



(T/37 



We define the components of the spinor superfield as follows 



Ha I — hoi , 



{Ha/3 + C*a/3-B)| = /ia/3 + C*a/3^, 



V^Hal = fla + -Sha 



■^As seen from the component of the spinorial derivative, we use a Wess-Zumino gauge. 



2- 



% \ % 

V^Hap\ = = -V^i^^Wp) - iVa^ph + -T](ahf3) - ^Q^lS-yh'^ + ^{a^ 4>\pf /3) + 



(27) 



Note that the exphcit dependence on 5* in V^Hap is canceled by the S-terms in Qap-^ and rja- 
Hap is thus independent of 5, in agreement with the fact that it does not transform under 



the Super- Weyl transformations (|T^) 



The component local supersymmetry transformations that leave the component action 
invariant are 



SS 
6 ha 
6hap 
6b 



a A 
Xa ? 



/3a 5 



— 



^^^/37^\ + i^sKp - Vapb + ^vE^^;0.\ 

+^e„(r/^/i^-2S6), 



z^,;67 



Gap-jh? 



aP 



-e^(t)-yaP 



{a^P)- 



(28) 



6 Component actions 



Having defined the components and derived the relations in (|22| ) -(pTf), we are in a position 
to find the component actions from (^) and (|l6|) . We use the 3D density formula derived 
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in l2l: 



(29) 



We first want to establish the equivalence of the bosonic parts of (|T5|) and (|l6|) to 
The bosonic contents of the actions simply follow from taking the bosonic part of the first 
term on the right hand side of (p9DP|. We thus find for the action in (|15D 



(30) 



where Q is the bosonic part of S, defined in (|T^, i.e., it is the factor which is raised to 3/2 
in the action ([l3|) . Obviously, integrating out the auxiliary field T, we recover the action 
(IT3D. 



The action in ([16| ) is a little more challenging. It gives, (keeping the spinor notation). 



(31) 



where dot denotes contraction over the ambient spacetime indices. It is a remarkable fact, 
manifest in (0), that integrating out the auxiliary field T we again recover the action (|T^). 

From the expressions (^) and (^) we may also read off the T equations that result from 
the super- Weyl invariant action Ji — |/2, they are 

fir^ + ^v^^A^h^fp^ + \v^PA^{r-v^pA) = 0, (32) 

which we only need to solve for T-Va/^A, where 



and 



[T.V^pA)M"J = ^{V,sA.V'^PA)h^fp,, 



(33) 



(34) 



We note that for Wa = the fact that A4 is non-degenerate ensures that = and 
thus that the correct bosonic action results in that case. For Wa 7^ the equation (|33D is still 
solvable, the solution being expressed in the inverse Ai~^ of the three by three matrix. It 
is clear, though, that the resulting action will be rather complicated and contain unwanted 
bosonic terms. For this reason we have not calculated it explicitly. 

^Since the pure bose part of C is zero, the S'-term wih not contribute. 
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The component actions are 



j4H 



+i^"%(-2^Ca - 2T-Xa - K,)C' - hK + hy^,) + SP} 



<5e 



-35V + 2^*"V7]} 
8 ^ 

+0\^/i"^(2iC-y + 2r-x-y + /i^^A* + 6A^ - h'f^s) 



Tie 



2(1 -/i2): 



(35) 



and 

/2 



2 



-2ir-Va;3X" - 2xV - liSx^'^^a 

+20/ A„ - 20,/r, + - 35V^"K^ 

_(ir^/? + ^^c^/^x' - </''^'''A5)(zr,^ + Isc.^x' - <t>,p^K) 

-c^(25+*v*.r)+4^^^'> 



8? - 

+ -V^^>l-X(<^^?c) + 2cl>sef' - 2<l>^se<T^'^ + 2hsea'' - 25^,/xp- V^M 
+4^^X^- V-,/3X^ + 2^5/15, (^/^ A'' - -^P^X') + 45(/.\;3A^ 
-35V + 2^^"'^,ea}}-|^^-kT 
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1 . 1 



2(l-/l2)2 

where we have introduced the definitions 



(36) 



n 
p 

Ca 
^7 



X ■ 



a/3 



0/3 



X 



a(3 
2 



X -Xc 



(37) 



The component version of the super- Weyl invariant combination (^) can be reassembled 
from ( p5D and ( p6| ) (omitting the terms from H"'Wa)- The super- Weyl invariance should 
manifest itself in an independence of S. We have only checked the quadratic 5'-terms which 
indeed cancel. 



7 Discussions and conclusions 



We have studied a first order 'Weyl invariant" bosonic action for Dp-branes for the special 
case of p = 2 and shown how it can be coupled to 3D supergravity in (at least) two different 
ways. We have further derived the component content of the model, both for the actions 
and the local supersymmetry transformations. Our results generalize those for the spinning 
membrane, except when it comes to super- Weyl invariance. The super- Weyl invariant action 
we find does indeed reduce to that of the spinning membrane when we turn off the world- 
volume Maxwell fields, but it does not have the correct bosonic limit when they are non- 
zero. Although we have not been able to find one, we see no reason why another super- Weyl 
invariant action with the correct limit should not exist. To construct it one would have to 
have some additional guideline, however. 
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An interesting question is of course whether the present construction generahzes to any 
other p. Many of the features we encountered in the above constructions are three dimen- 
sional. E.g., the fact that we were able to reduce Sab Gaiha is based on the 3D equivalence 
of a vector and an antisymmetric tensor. For higher p we typically have hah instead of ha 
and we thus expect the potential to have spin 3/2 instead of spin 1/2. The form of the su- 
perspace action will have to change because of the growth of the superspace measure. There 
is also the question of which multiplets to use. All in all, it looks as if each case has to be 
considered separately. 

One of the perhaps unwanted features of the bosonic starting point is the non-linearity 
in (P). Usually, going from a Nambu-Goto type action to an action with an auxiliary metric 
leads to a quadratic behaviour in the path integral (after gauge fixing). This is not the 
case here, although we replace a square root of a determinant by powers of dX. Further 
linearization may formally be achieved by introducing additional auxiliary fields and lagrange 
multipliers, but does not really seem very useful. 

As far as we know, locally supersymmetric extensions of the Born-Infeld action have not 
been discussed previously. However, several globally (world volume) supersymmetric models 
in various dimensional superspaces exist. E.g., ||, |1^, (p = 3, = 1) and |1^, [16|, |17| 



(p = 5, A^ = 1 and p = 3, A^ = 2). It would be interesting to compare the present models 
with the globally supersymmetric D2-brane, which is discussed in El 



As mentioned in the introduction, the motivation for studying the globally supersymmet- 
ric extensions of the 5J-action is usually either taken to be its appearence in the effective 
action of the lOD open superstring or its role in the D-brane effective action. In both these 
cases it is also interesting to investigate the possible existence of locally supersymmetric 
extensions, and the present results is a first contribution to this. 
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